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Abstract 

We study the Banach algebras of bounded holomorphic functions on the unit disk 
whose boundary values, having, in a sense, the weakest possible discontinuities, belong 
to the algebra of semi-almost periodic functions on the unit circle. The latter algebra 
contains as a special case an algebra introduced by Sarason in connection with some 
problems in the theory of Toeplitz operators. 

1 Introduction 

We study the Banach algebras of holomorphic semi-almost periodic functions, i.e., bounded 
holomorphic functions on the unit disk DcC whose boundary values belong to the algebra 
SAP(dD) C L°°(<9D) of semi-almost periodic functions on the unit circle 3D. 

A function / € L°°(<9D) is called semi-almost periodic if for any s £ dO and any e > 
there exist functions : <9D — > C (k £ { — 1,1}) and arcs 7^ with s being their right (if 
k = —1) or left (if k = 1) endpoint with respect to the counterclockwise orientation of dO 
such that the functions x i-> fk(se theX ), —00 < x < 0, k G {—1, 1}, are restrictions of Bohr's 
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almost periodic functions on M. (see Definition 2.1 below) and 



sup \f(z)-f k (z)\ <£, fc€{-l,l}. 

The graph of a real-valued semi-almost periodic function discontinuous at a single point 
has a form 




Algebra SAP(dH) contains as a special case an algebra introduced by Sarason [23] in 
connection with some problems in the theory of Toeplitz operators. Our primary interest 
in holomorphic semi-almost periodic functions was motivated by the problem of description 
of the weakest possible boundary discontinuities of functions in H°°(D), the Hardy algebra 
of bounded holomorphic functions on D. (Recall that a function / £ H°°(D) has radial 
limits almost everywhere on dD, the limit function /|gu £ L°°(dD), and / can be recovered 
from f\o® by means of the Cauchy integral formula.) In the general form this problem is 
as follows (see also [7]): 

Given a continuous function <]? : C —* C to describe the minimal Banach subalgebra 
-ff|°(D) C iP°(B) containing all elements / £ i?°°(D)* such that $(/)|ao is piecewise 
Lipschitz having finitely many first-kind discontinuities. 

Here if°°(B)* is the group of invertible elements of iJ°°(B). 

Clearly, each i?|?(D) contains the disk-algebra A(B) (i.e., the algebra of holomorphic 
functions continuous up to the boundary). Moreover, if <&(z) = z, Re(z) or Im(z), then the 
Lin delof theorem, see, e.g., |13] . implies that H^(D) = A(D). In contrast, if $ is constant on 
a closed simple curve which does not encompass £ C, then H^(D) = iT°°(B). (This result 
is obtained by consequent applications of the Caratheodory conformal mapping theorem, 
the Mergelyan theorem and the Marshall theorem, see, e.g., p3|.) In [6] we studied the 
case of &(z) = \z\ and showed that H^(D) coincides with the algebra of holomorphic 
semi-almost periodic functions SAP(dH) n H°°(D). In the present paper we continue the 
investigation started in [61 . Despite the fact that our results concern the particular choice of 
<E>(z) = \z\, the methods developed here and in |6j can be applied further to a more general 
class of functions 
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Let 6D be the maximal ideal space of the algebra SAP(dH>) D H°°(I$), i.e., the set of 
all nonzero homomorphisms SAP(dD) H°°(D) — * C equipped with the Gelfand topology. 
The disk D is naturally embedded into 6D. In [6] we proved that D is dense in (the so- 
called corona theorem for SAP (83) nH°°(3)). We also described the topological structure 
of 6D. In the present paper we refine and extend some of these results. In particular, 
we introduce Bohr-Fourier coefficients and spectra of functions from SAP(dD), describe 
Cech cohomology groups of bO and establish projective freeness of certain subalgebras of 
SAP(dH) n H°° (D) . Recall that a commutative ring R with identity is called projective free 
if every finitely generated projective i?-module is free. Equivalently, R is projective free iff 
every square idempotent matrix F with entries in R (i.e., such that F 2 = F) is conjugate 
over R to a matrix of the form 



where Ik stands for the k x k identity matrix. Every field F is trivially projective free. 
Quillen and Suslin proved that if R is projective free, then the rings of polynomials R[x] 
and formal power series R[[x\] over R are projective free as well (see, e.g., [IE])- Grauert 
proved that the ring 0(D n ) of holomorphic functions on the unit polydisk D n is projective 
free |14j . In turn, it was shown in [8] that the triviality of any complex vector bundle of 
finite rank over the connected maximal ideal space of a unital semi-simple commutative 
complex Banach algebra is sufficient for its projective freeness. We employ this result to 
show that subalgebras of SAP(8D) D H°°(H>) whose elements have their spectra in non- 
negative or non-positive semi-groups are projective free. Note that if a unital semi-simple 
commutative complex Banach algebra A is projective free, then it is Hermite, i.e., every 
finitely generated stably free A-module is free. Equivalently, A is Hermite iff any k x n 
matrix, k < n, with entries in A having rank k at each point of the maximal ideal space of 
A can be extended to an invertible n x n matrix with entries in A, see [9] . (Here the values 
of elements of A at points of the maximal ideal space are defined by means of the Gelfand 
transform.) 

Finally, we prove that SAP(8D) Pi H°°(D) has the approximation property. (This result 
strengthen the approximation theorem of [6].) Recall that a Banach space B is said to have 
the approximation property if for every compact set K C B and every e > there is an 
operator T : B —* B of finite rank so that 



(Throughout this paper all Banach spaces are assumed to be complex.) 

Although it is strongly believed that the class of spaces with the approximation property 
includes practically all spaces which appear naturally in analysis, it is not known yet even 




Tx — x\\b < e for every x G K. 
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for the space H°°(D) (see, e.g., the paper of Bourgain and Reinov [3] for some results in this 
direction). The first example of a space which fails to have the approximation property was 
constructed by Enflo |10j . Since Enflo's work several other examples of such spaces were 
constructed, for the references see, e.g., [20]. Many problems of Banach space theory admit 
especially simple solutions if one of the spaces under consideration has the approximation 
property. One of such problems is the problem of determination whether given two Banach 
algebras A C C(X), B C C(Y) {X and Y are compact Hausdorff spaces) their slice algebra 

S{A, B) := {/ G C(X x Y) : /(-, y) G A for all y G Y, f{x, •) G B for all x G X} 

coincides with A® B, the closure in C{X x Y) of the symmetric tensor product of A and 
B. For instance, this is true if either A or B have the approximation property. The latter 
is an immediate consequence of the following result of Grothendieck. 

Let A C C(X) be a closed subspace, B be a Banach space and Ab C Cb(X) := C(X, B) 
be the Banach space of all continuous -B-valued functions / such that <p(f) G A for any 
ip G B* . By A ® B we denote completion of symmetric tensor product of A and B with 
respect to norm 



fe=i 



sup 



£ 

fe=i 



a k (x)b h 



with afc G A, 6fc G -B. 



(1) 



Theorem 1.1 ([E]). The following statements are equivalent: 

1) A has the approximation property; 

2) A® B = Ab for every Banach space B. 

Our proof of the approximation property for SAP(S) Pi H°°(0) is based on Theorem 
|TT1and on a variant of the approximation theorem in [6] for Banach-valued analogues of 
algebra SAP(S) n #°°(B). 

The paper is organized as follows. Section [2] is devoted to the algebra of semi- almost 
periodic functions SAP(dH). In Section [3] we formulate our main results on the algebra of 
holomorphic semi- almost periodic functions SAP(dD) n iT°°(D). All proofs are presented 
in Section |4j 

The results of the present paper have been announced in [7] . 

Acknowledgment. We are grateful to S.Favorov, S.Kislyakov and O. Reinov for useful 
discussions. 



2 Preliminaries on semi-almost periodic functions 

We first recall the definition of a Bohr almost periodic function on M. In what follows, by 
Cb(M) we denote the algebra of bounded continuous functions on R endowed with sup-norm. 
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Definition 2.1 (see, e.g., pj). A function / G Cb(M) is said to be almost periodic if the 
family of its translates {5V/} T eiR > S T f(x) := f(x + t), i 6 R, is relatively compact in 
C b (R). 

The basic example of an almost periodic function is given by the formula 

m 

x^^2cie iXlX , Q6C, A,gK. 
l=i 

Let ^4P(M) be the Banach algebra of almost periodic functions endowed with sup-norm. 
The main characteristics of an almost periodic function / G j4P(M) are its Bohr-Fourier 
coefficients a\(f) and the spectrum spec(/) defined in terms of the mean value 
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T 



M(f) := lim — / f(x)dx. (2) 

1 -^+00 Zl J _j> 

Specifically, 

a x (f) := M(fe~ iXx ), A G R. (3) 

Then a\(f) ^ for at most countably many values of A, see, e.g., j2]. These values constitute 
the spectrum spec(/) of /. In particular, if / = Y^,i=i c i^ lX[X (q 7^ and Ya=i l c 'l < 
then spec(/) = {Ai, A 2 , . . . }• 

One of the main results of the theory of almost periodic functions states that each 
function / G AP(1R) can be uniformly approximated by functions of the form Cie tX ' x 
with Xi G spec(/). 

Let r C t be a unital additive semi-group (i.e., G T). It follows easily from the cited 
approximation result that the space AF^(R) of almost periodic functions with spectra in T 
forms a unital Banach subalgebra of AP(R). We will use the following result. 

Theorem 2.2. j4Pr(R) has the approximation property. 

Next, we recall the definition of a semi-almost periodic function on <9D introduced in 
[B|. In what follows, we consider dO with the counterclockwise orientation. For s := e lt , 
t G [0,2vr), let 

7s fc (J) : = { se ikx : < x < 6 < 2vr}, k G {-1, 1}, (4) 

be two open arcs having s as the right and the left endpoints (with respect to the orienta- 
tion), respectively. 

Definition 2.3 (|6 ). A function / G L°°(9D) is called semi-almost periodic if for any s G 
<9B, and any e > there exist a number 5 = 6(s,e) G (0,7r) and functions fk : 7g(£) — > C, 
k G { — 1,1}, such that functions 

fk(x) := f k (se ikSeX ), -oo<x<0, ft €{-1,1}, 
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are restrictions of some almost periodic functions from AP(M), and 

sup \f(z) -f k (z)\ <£, k G {-1,1}. 

By SAP(dH) we denote the Banach algebra of semi-almost periodic functions on <9D 
endowed with sup-norm. It is easy to see that the set of points of discontinuity of a function 
in SAP(dO) is at most countable. For S being a closed subset of <9D we denote by SAP(S) 
the Banach algebra of semi-almost periodic functions on dD that are continuous on dO \ S. 
(Note that the Sarason algebra introduced in |23] is isomorphic to SAP({zq}), zq £ <9D.) 

Example 2.4 ([6]). A function g defined on R U (M + Z7r) is said to belong to the space 
AP(R U (M + in)) if the functions g(x) and g(x + in), belong to AP(R). The space 

^4P(IR U (K + in)) is a function algebra (with respect to sup- norm). 

Given s £ dD consider the map <p s : dD \ {—s} — > M, <p s (z) '■= 2% ^^ ' anc ^ define a 
linear isometric embedding L s : AP(M. U (M + Z7r)) — > L°°(<90) by the formula 

(L s g)(z) := (g o Logo <p s )(z), (5) 

where Log(z) := ln|z| + iArg(z), z G C \ R_, and Arg : C \ M_ — > (— vr, 7r) stands for 
the principal branch of the multi- function arg. Then the range of L s is a subspace of 
SAP({-s,s}). 

Theorem 2.5 ([6]). For every s £ dD there exists a homomorphism of Banach algebras 
E s : SAP(dB) -> AP(IRU (M + ivr)) of norm 1 suc/i that for each f £ SAP^D) the function 
f — L s {E s f) £ SAP(dH) is continuous and equal to ai s. Moreover, any bounded linear 
operator SAP(dO) — > AP(M U (K + Z7r)) satisfying this property coincides with E s . 

The functions f-i )S (x) := (E s f)(x) and fi >s (x) := (E s f)(x + in), x £ R, are used to 
define the left (fc = —1) and the right (/c = 1) mean values M^(f) of a function / G 



5AP(<9D) over s (cf. Remark 2.7 below). Precisely, we put 

M k s (f) :=M(f k>s ). 

Similarly, we define the left {k = —1) and the right {k = 1) Bohr-Fourier coefficients 
and spectra of / over s by the formulas 

a k x (f,s) := a x (f k ,s) 

and 

specj(/) :={Ael:aJ(/,^0}. 

It follows immediate from the properties of the spectrum of an almost periodic function on 
M. that specif) is at most countable. 
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Let £ : S x {—1, 1} — > 2 K be a set-valued map which associates with each s G 5, 
fc G {-1,1} a unital semi-group E(s,k) C E. By SAPx(S) C SAP(S) we denote the 
Banach algebra of semi-almost periodic functions / with spec(? (/) C S(s, fc) for all s G 5, 



A; G { — 1,1}. By the definition homomorphism E s of Theorem 2.5 sends each / G SAP-£,{S) 
to the pair of functions /_i )S , fi >s such that fk jS G AP S ( S)fc ), & £ { — 1, !}■ 

For a unital semi-group r C 1 by 6r(K) we denote the maximal ideal space of algebra 
AF^(R). (E.g., for r = R the space UR := 6jr(R), commonly called the Bohr compactification 
of M, is a compact abelian topological group viewed as the inverse limit of compact finite- 
dimensional tori. The group M admits a canonical embedding into bR as a dense subgroup.) 

Let &fj(0B) be the maximal ideal space of algebra SAP^(S) and rf : &f(<9B) -» <9B be 
the map transpose to the embedding C(dD) SAP^(S). The proof of the next statement 
is analogous to the proof of Theorem 1.7 in |6 . 

Theorem 2.6. (1) The map transpose to the restriction of homomorphism E s to SAP^(S) 
determines an embedding hj, : &s(s,— 1)0^) ^ &£(s,i)C^) ^ 6fj(<9D) whose image coin- 
cides with (r^) _1 (s). 

(2) The restriction rg : &|(<9D) \ (r|) _1 (5) <9D \ 5 is a homeomorphism. 




(For an m point set S and each X(s,fc), s G S, k G {—1, 1}, &em<? a group, the maximal 
ideal space fr|(<9D) is i/ie union of <9D \ S 1 and 2m Bohr compactifications that 
can be viewed as (finite or infinite dimensional) tori.) 

Remark 2.7. There is an equivalent way to define the mean value of a semi-almost 
periodic function. Specifically, it is easily seen that for a semi-almost periodic function 
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/ G SAP(dH), k G {— 1, 1}, and a point s£5 the left (k = -1) and the right (k = 1) mean 
values of / over s are given by the formulas 



M k (f) ■= lim — !— [ K f(se tket )dt, 



where {a n }, {b n } are arbitrary sequences converging to — oo such that lim n ^ 00 (6 n — a n ) = 
+oo. 

The Bohr-Fourier coefficients of / over s can be then defined by the formulas 

a k (f,s) := M s fe (/e- iA1 °rf), 

where 

\og k (se ikx ) :=lnx, < x < 2vr, fee {-1,1}. 

The next result encompasses the basic properties of the mean value and the spectrum 
of a semi-almost periodic function. 

Theorem 2.8. (1) For each s G S, k G {—1, 1} i/ie mean value M k is a complex contin- 
uous linear functional on SAP(dlb) of norm 1. 

(2) A function f G SAPy,{S) if and only if for each s G S and k G {—1,1} the almost 
periodic functions in Definition 2.3 can be chosen from APw^) (R) . 

f5j T/ie "tota/ spectrum " [j seS fc==1 _ 1 spec^(/) of a function f G SAP(S) is at most count- 
able. 



3 Holomorphic semi-almost periodic functions: main results 

3.1. Let Cfe(T) denote the complex Banach space of bounded continuous functions on the 
strip T := {z G C : Im(z) G [0,7r]} endowed with sup-norm. 

Definition 3.1 (see, e.g., 0). A function / G Cb{T) is called holomorphic almost periodic 
if it is holomorphic in the interior of T and the family of its translates {S x f} X £^, S x f{z) := 
f(z + x), z G T, is relatively compact in Cb(T). 

We denote by APH(T) the Banach algebra of holomorphic almost periodic functions 
endowed with sup-norm. Any function in APH{T) is uniformly continuous on T. The 
mean value of a function / G APH{T) is defined by the formula 

Af (/) := lim ^ / T /(x + iy)dx G C (6) 
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(Af(/) does not depend on y, see, e.g., [2]). Further, the Bohr-Fourier coefficients of / are 
defined by 

a x (f) :=M(fe- iXz ), A G R. (7) 

Then a\(f) 7^ for at most countably many values of A, these values form the spectrum 
spec(/) of /. For instance, if / = J2bLi cie tX ' z (q ^ 0, ^£1 \ c i\ < °°), tnen spec(/) = 
{Ai,A2,...}. Similarly to the case of functions from AP(M) each / G APH(T) can be 
uniformly approximated by functions of the form Y^b=i C[e %XlZ with A/ G spec(/). 

Let r C 1 be a unital additive semi-group. The space APH-p{T) of holomorphic almost 
periodic functions with spectra in T forms a unital Banach algebra. Analogously to Theorem 
2.21 one has 



Theorem 3.2. APH-piT) has the approximation property. 

The functions in SAPy,(S) D H°°(B) are called holomorphic semi-almost periodic. 
Example 3.3 (|6j. For s G dD consider the map 

¥>,:B\ tp a (z) := 2 < s ~ z \ 

s + z 

Here H + is the upper half-plane. Then ip s maps D conformally onto H + and dD \ {—s} 
diffeomorphically onto M. (the boundary of H + ) so that ip a ( s ) = 0. 

Let To be the interior of the strip T. Consider the conformal map Log : H+ — * To, 
z i — > Log(z) := In \z\ + iArg(z), where Arg : C\M_ — > (— vr, ir) is the principal branch of the 
multi-function arg. The function Log is extended to a homeomorphism of H+ \ {0} onto T. 
Let g G APH(T). Then the function 

(L s g)(z) := (g o Logo tp s )(z), 

belongs to SAP({-s, s}) n H°°(B). 

Proposition 3.4. Suppose that f G SAP(S) n H°°(B). Then specj^/) = specj(/) =: 
spec s (/) and, moreover, 

ax\f, s) = e XT a\(f, s) for each A G spec s (/). (8) 

(Recall that the choice of the upper indices ±1 is determined by the orientation of dD.) 

Proposition |0] and Lindelof's theorem (see, e.g., p3|) imply that SAPz(S) r\H°°(B) = 
SAPv(S') n F°°(B), where 

S' := {s G S : S(s, -1) n E(s, 1) ^ {0}} 

and 

E'(s,fc) :=S(s,-l)nS(s,l) for fc = —1,1, s G 5'. 
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In what follows we assume that E(s, — 1) = S(s, 1) =: and each 

s G S, is non-trivial. 

Example 3.5. If g(z) := e^ z , z £ T, then L s g = e Xh , where h is a holomorphic func- 
tions whose real part Re(/i) is the characteristic function of the closed arc going in the 
counterclockwise direction from the initial point at s to the endpoint at — s, and such that 
h(0) = I + Thus 

spec s (e A/l ) = {AM. 

\f ( *ii^ n l :c l'\ 

Indeed, in this case the restriction of g o Log to R is equal to x i— > e ^ Xu + (x) n , where 
XM.+ is the characteristic function of M. + . In turn, the restriction of the pullback e Xh o ipj 1 
to M coincides with e [XR + * ' as well. This implies the required result. 

3.2. The main result of this section is 

Theorem 3.6. S APy,{S) niJ°°(D) has the approximation property. 



Our proof of Theorem 3.6 is based on the equivalence established in Theorem 1 1 . 1 1 and 



on an approximation result for Banach- valued analogues of algebra SAP(S) n H°°(D) for- 
mulated below. Specifically, for a Banach space B we define 

SAPg(S) := SAFfc(S) B. 

Using the Poisson integral formula we can extend each function from SAP^(S) to a bounded 
S-valued harmonic function on D having the same sup-norm. We identify SAP^(S) with 
its harmonic extension. Let H^iD) be the Banach space of bounded B- valued holomorphic 
functions on D equipped with sup-norm. By (SAPy;(S) H H°°(Bi))b we denote the Banach 
space of all continuous l?-valued functions / on the maximal ideal space b s (B) of algebra 
SAP(S) n H°°(B) such that ip{f) G SAPx(S) D #°°(B) for any tp G B*. In what follows 
we naturally identify D with a subset of b s (H>). 

Proposition 3.7. Let f G (SAPx(S) n H°°(B)) B . Then f\® G SAP^(S) n H%(B). 

Let A^ be the closed subalgebra of £f°°(B) generated by the disk-algebra A(IS) and the 
functions of the form ge Xh , where Re(/i)|ao is the characteristic function of the closed arc 
going in the counterclockwise direction from the initial point at s to the endpoint at — s 
such that s G S, ^ G S(s) and g(z) := z + s, z G D (in particular, ge Xh has discontinuity at 
s only). 

The next result combined with Proposition 3.7 and Theorem 1 1 . 1 1 implies Theorem 3.6 



Theorem 3.8. SAP^(S) n Hg(B) =A§,®B. 
As a corollary we obtain 
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Corollary 3.9. SAFfc(S) n H°°(B) = Ag. 

This immediately implies the following result. 

Theorem 3.10. SAPs(S) r\H°°(B) is generated by algebras SAP x]f (F) f] iJ°°(B) /or a// 
possible finite subsets F of S. 

3.3. The algebras SAPs(S') n iJ°°(B) are preserved under the action of the group Aut(D) 
of biholomorphic automorphisms O —* D. More precisely, each k G Aut(D) is extended to 
a diffeomorphism B — > B (denoted by the same symbol). We denote by k* : i7°°(D) — > 
fl"°°(D) the pullback by k, and put k*S := k(S), (k*E)(s, •) := E(/e(s), •). 

Theorem 3.11. k* maps SAP^s^S) Pi i?°°(D) isometrically and isomorphically onto 
SAPx(S)nH°°(B). 

We conclude this section with a result on the tangential behavior of functions from 
SAP(dB)nH (X '(B). 

Theorem 3.12. Let {z n } n eN C O and {s n }neN C <9D converge to a point so E dD. Assume 
that 

Um \z n ~ S n \ = Q 

n— >oo | s — S n | 

T/ien /or every f G SAP(dH) n ff°°(B) t/ie limits lirrin^oo f{z n ) and lirrin^oo f(s n ) do not 
exist or exist simultaneously and in the latter case they are equal. 

Remark 3.13. This result implies that the extension (by means of the Gelfand transform) 
of each / G SAP(dD) n H°°(B) to the maximal ideal space of H°°(B) is constant on a 
nontrivial Gleason part containing a limit point of a net in D converging tangentially to 
dH. In turn, one can easily show that if s G S and the minimal subgroup of R containing 
S(s) is not isomorphic to Z, then SAPj^(S) n i?°°(D) separates points of each nontrivial 
Gleason part containing a limit point of a net in D converging non-tangentially to s (we 
refer to [13] for the corresponding definitions). 

In the next two sections we formulate some topological results about the maximal ideal 
spaces of algebras SAP^(S) n H°°(B). 

3.4. Let 6|(1D)) denote the maximal ideal space of SAPe(S) n H°°(p). The inclusion 

SAP^ lFi (Fx) n H°°(B) C SAP E , F2 (F 2 ) n F°°(B) if Fi C F 2 
determines a continuous map of maximal ideal spaces 

The family {6g F (D) ; u;} Fc5 ; #F<oo forms the inverse limiting system. From Theorem 
we obtain 



3.10 
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Theorem 3.14. 

Let 



6^(D) is the inverse limit of 0^) j w }fcS;#f<oo- 



a| : 6|(D) 



(10) 



be the continuous surjective map transpose to the embedding A(D) SAPj^(S) r\H°°(I$). 
(Recall that the maximal ideal space of the disk-algebra A(D) is homeomorphic to D.) By 
br(T) we denote the maximal ideal space of algebra APHr(T) and by tp : T — > br(T) 
the continuous map determined by evaluations at points of T. (Observe that tr is not 
necessarily an embedding.) 

The proof of the next statement can be obtained by following closely the arguments 
in the proof of Theorem 1.14 in [6]. In its formulation we assume that the corresponding 
algebras are defined on their maximal ideal spaces by means of the Gelfand transforms. 



Theorem 3.15. (1) For each s £ S there exists an embedding if; : bw s \(T) '—r 

whose image is (a^)~ 1 (s) such that the pullback (if;)* maps SAPj^(S) n i?°°(D) sur- 
jectively onto APH^r s \(T). Moreover, the composition of the restriction map to 

coincides with the restriction of homomorphism E s 



1U (1 + in) and ( 
to SAPz(S)nH°°(B) (see Theorem]^. 



(2) The restriction o| : &£(B) \ (o|) -1 (5) -> D \ 5 is a homeomorphism. 

Since SAPs{S) n iJ°°(B) separates the points on D, the evaluation at points of D 
determines a natural embedding i : D b£(B). 

One has the following commutative diagram of maximal ideal spaces considered in the 
present paper, where the 'dashed' arrows stand for embeddings in the case E(s, — 1) = 
S(s, 1) are (non-trivial) groups for all s £ S, and for continuous maps otherwise. 



T > fc w (T) < 



6EC,,-i)(R)u (R) 




■■■■ 



4 



90 



Theorem 3.16 (Corona Theorem). i(D) is dense in &fj(B) ijff eac/i S(s), s £ S, is a group. 
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Recall that the corona theorem is equivalent to the following statement: for any collec- 
tion of functions fi,...,f m £ SAPy,(S) n i?°°(B) such that 

max \fk{z)\ > 6 > for all z G D 

l<k<m 

there exist functions gi, ■ ■ ■ ,g m £ SAPj](S) n H°°(D) such that 

figi H h /mSm = 1 on D. 

Our next result shows that of (D), S ^ 0, is not arcwise connected. 

Theorem 3.17. Assume thatF : [0, 1] of (D) is continuous. Then either F([0, 1]) C D\5 
or i/iere exists s£S suc/t i/iat F([0, 1]) C (af) _1 (s). 

Remark 3.18. From Theorem |3. 1 7| one obtains straightforwardly a similar statement with 
[0, 1] replaced by an arcwise connected topological space. 

3.5. Let Iff be the Silov boundary of algebra SAPz(S) n H°°(B), that is, the minimal 
closed subset of of (B) such that for every / £ 5AFfc(5) n i2"°°(B) 

sup |/(^)| = max |, 

where / is assumed to be extended to of (B) by means of the Gelfand transform. For a 
non-trivial semigroup r C R by clr(M + in) and clr(M) we denote closures of tr(M + iir) 
and tr0&) m °r(T) (the maximal ideal space of APH-p(T)). One can easily show that these 
closures are homeomorphic to op(M), where T is the minimal subgroup of M. containing T. 
We retain notation of Theorem 13.151 

Theorem 3.19. 

Ki = ( |J iH cl z(s)(m U cl s(s) (M + iTr)) )u3D\S. 
Remark 3.20. If each X(s), s 6 S, is a group, then the Silov boundary iff is naturally 



2.6 



homeomorphic to the maximal ideal space of (SB) of algebra SAFfc(S), cf. Theorem 

Next, we formulate a result on the Cech cohomology groups of bf (B). 
Theorem 3.21. (1) The Cech cohomology groups 

F fc (6|(D),Z) tf fc (b 2(s) (T),Z), k > 1. 

(SJ Suppose that each S(s) is a subset o/M + or R_. T/ien if fc (6f (D),Z) = 0, fe > 1, and 
SAFES') n H°°(B) is projective free. 
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If G is a compact connected abelian topological group and G is its dual, then H k (G, Z) = 
a|G, k > 1 (see, e.g., Using Pontryagin duality one obtains 

Corollary 3.22. Assume that each S(s) is a group. Then 

if fe (6|(D),Z)-0A|S( S ), k>l. 

s£S 

In particular, if for a fixed n £ N each S(s) is isomorphic to a subgroup of Q 11 , then 
F fc (6|(D),Z) = for allk>n + 1. 

Finally, we describe the set of connected components of the group of invertible matrices 
with entries in SAPs(S) n H°°(B). 

Let GL n {A) denote the group of invertible nxn matrices with entries in a unital Banach 
algebra A. By [GL n (A)\ we denote the group of connected components of GL n (A), i.e., the 
quotient of GL n (A) by the connected component containing the unit I n 6 GL n (A) (this is 
clearly a normal subgroup of GL n (A)). 

We set 

G£ (S) (T) := GL n {APH ns) {T)) and G%(S) := GL n (SAPz(S) n # c 



Let bT(S) := U sg s 6w s )(T). According to Theorem 3.15 there exists a natural embed 



ding if, : &s W (T) &g(B) whose image is (o|) _1 (s). Then the map 

/ : &T(S) -> (ol)" 1 ^, l(0:=ih(t) for £ € & s(s) (T), 

is a bijection. 

Theorem 3.23. The map transpose to the composition bT(S) — —> (aj,)~ 1 (S) ^(B) 
induces an isomorphism 

[GS(S)] = ©[G£ W C01- 

In particular, if each S(s), s £ S, is a subset o/IR + or M_, i/ien G^(S) is connected. 

Remark 3.24. According to a result of Arens [I], [GJw s(T)], s£S, can be identified with 
the group [b%( a \(T), GL n (C)] of homotopy classes of continuous maps b^^(T) — > GL n (C). 
Moreover, if S(s) is a group, then £>£( S )(T) is homotopically equivalent to &£( S )(R), the 
maximal ideal space of algebra AP^^iM) (see the proof of Corollary 3.22). In this case 
&E(s)(I£) is the inverse limit of a family of finite-dimensional tori. Then [&£( S )(T), GL n (C)] 
is isomorphic to the direct limit of torus homotopy groups with values in GL n (C) corre- 
sponding to this family. As follows from the classical results of Fox [12] , the latter can be 
expressed as a direct sum of certain homotopy groups of the unitary group U n C GL n (C). 
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4 Proofs 

4.1 Proofs of Theorems [272] and [3721 



We will prove Theorem 3.2 only (the proof of Theorem 2.2 is similar). We refer to the 
book of Besicovich [2j[ for the corresponding definitions and facts from the theory of almost 
periodic functions. 

Proof. Let K C APHy{T) be compact. Given e > consider an |-net {/i, . . . ,//} C K. 
Let 

H<ni,~> r |<nr V 7 V r/ 

be a Bochner-Fejer kernel such that for all 1 < k < I 

sup \f k (z) - M t {f k (z + t)JC(t)}\ < f . (11) 

Here (3\ , . . . , (5 r are linearly independent over Q and belong to the union of spectra of 
functions /i, . . . , //, v\, . . . , v r G Z, m, . . . ,n r € N, and 



M t {/ fc (z + t)/C(t)} := lim / / fc (z + t)/C(t) 

-Z ^CXD Z 1 J _J< 



dt 



are the corresponding holomorphic Bochner-Fejer polynomials belonging to APHy{T) as 
well (clearly, the spectrum of the function z \— > Mt{/fe(^ + t)X^(f)} is contained in spec(/fe)). 

We define a linear operator T : APHy{T) — > APH-p(T) from the definition of the 
approximation property by the formula 

(Tf)(z) := M t {f(z + t)K(t)}, f G APH r (T). (12) 

Then T is a bounded linear projection onto a finite-dimensional subspace of APHy{T) 

i( — fliH V—fi^z 

generated by functions e V"i ^ r / , < ni, . . . , |i/ r | < n r . Moreover, since JC(t) > 

for all t G R and M t {/C(t)} = 1, the norm of T is 1. Finally, given f £ K choose k such 



that ||/ - fk\\APH r (T) < §• Then we have by ([TTp 



\\Tf - f\\APH r (T) < 11^(7 ~ A)|UpH r (T) + ll^/fc - fk\\APH r (T) + Wfk ~ f\\APH r (T) < E - 

This completes the proof of the theorem. □ 
4.2 Proof of Theorem [278] 



(1) The result follows directly from Remark 2.7 



(2) The fact that for / G SAPj^^S) the functions f k in Definition 2.3 can be chosen from 



AFs( S) fc) (R) follows from Theorem 2.5 and the definition of spectra of elements of SAP(dU>) . 
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Let us show the validity of the converse statement. Let / £ SAP(S) and s £ S. 



Assume that for any e > the functions ft in Definition 2.3 (for / and s) can be chosen in 
APw s ) fc)(K). Let p be a smooth cut-off function equals 1 in a neighbourhood of s containing 
in the open set 77 1 (<5) U {s} U 7* (5) and outside of this set. Let us consider a function / 
on <9D \{s} that coincides with pfi on 7^ (8) and with pf-\ on 7" 1 (5) and equals outside 
of these arcs. By the definition of spectra of functions in SAP(dD) the function / belongs 
to SAFe(S). Next, Theorem [278] (1) implies that 



W k x (f, s) - a k x (f, s)\ = \a k x (f, s) - a k x (pf, s)\<e, k £ {-1, 1}. 

Since e > is arbitrary, the latter inequality shows that if a x (f,s) / 0, then A £ fe), 
as required. 

(3) First, let us show that the set T(f) of points of discontinuity of a function / £ SAP(dB>) 
is at most countable. For each s £ 3D define 

c s {f) := Urn, [ sup |/(*') -/(*")! 



Vi s / ,a"6(e < ( t - e ),e*( t + e )) 



where s = e lt . One has c s (f) / if and only if s € T(/). For n £ N, we put T n (f) := 
{s £ <9D : c s (/) > ^}, so that T(f) = U^Li T n (f)- Suppose that T(/) is uncountable, then 
there exists n £ N such that T n {f) is infinite. Since 3D is compact, T n (f) has a limit point 



e lt °. Choosing e < ^- in Definition 2.3 (for / and e lt °) from the fact that e lt ° is a limit 
point of T n {f) one obtains that the required functions /& do not exist, a contradiction. 

According to statement (2) s = const for all points s £ 9D at which / is continuous. 
Therefore due to the previous statement spec^(/) is {0} or for all but at most countably 
many values of s £ S. Since for each s £ S the spectrum specj(/) is at most countable, the 
required result follows. 

4.3 Proof of Proposition |3.4| 

Let g £ APH(T), put g±(x) := g(x), g%{x) := g(x + in), x £ M. It follows easily from the 
approximation result for algebra APH{T) cited in Section 3.1 that spec (51) = spec(g2) and 
for each A £ spec(<7i) 

a\{gi) = e Xn a x {g2)- 



Suppose that / £ SAP(S) n iJ°°(B). Then Theorem [3~15l (1) implies that for each s £ S 



and k £ { — 1, 1} the functions fk )S are the boundary values of the function o i-s( s ))*(/) £ 
APH(T). 

This gives the required result. 
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4.4 Proofs of Proposition |3.7| and Theorem |3.8 



Our proof of Theorem 3.8 is based on the equivalence established in Theorem We 



first formulate the B- valued analogues of the definitions of almost periodic and semi-almost 
periodic functions for B being a complex Banach space. 

Let Cf (K) and Cf (T) denote the Banach spaces of B- valued bounded continuous func- 
tions on R and T, respectively, with norms ||/|| := sup^. ||/(cc)||b. 

Definition 4.1. 1) A function / G C B (R) is said to be almost periodic if the family of its 
translates {S' r /} Tg M , S T f(x) := f(x + r), x G R, is relatively compact in C B (M). 

2) A function / G CP(T) is called holomorphic almost periodic if it is holomorphic in 
the interior of T and the family of its translates {S^/j^gR is relatively compact in C B (T). 

Let AP B (R) and APH B (T) denote the Banach spaces of almost periodic and holomor- 
phic almost periodic functions on R and T, respectively, endowed with sup-norms. 

Remark 4.2. Since AP(]R) and APH{T) have the approximation property, it follows from 
Theorem O that the functions of the form Y^Li he iXlX (x G R, b x G -B, A; G E) and 



YT=i b i eiXlZ ( z G T > ^ G B > A « G M ) are dense in AP B (R) and AP# B (T), respectively. 

As in the case of scalar almost periodic functions, a Banach- valued almost periodic func- 
tion / G APb(R) is characterized by its Bohr- Fourier coefficients a\(f) and the spectrum 
spec(/), defined in terms of the mean value 

M(/) := lim ±- f f(x)dx G B. (13) 

Namely, we define 

a x (f) := M(fe~ iXx ), A G R. 

It follows from the above remark and the properties of scalar almost periodic functions 
that a\(f) in B for at most countably many values of A. These values constitute the 
spectrum spec(/) of /. E.g., if / = Y^bLi bie lXlX (X^i ll^ll < 00 an d all b x ^ 0), then 
spec(/) = {Ai, A 2 , • . . }• 

Similarly one defines the mean- values and the spectra for functions from APH B (T). 

Let Zvg (e?B) be the Banach space of B- valued bounded measurable functions on <9D 
equipped with sup-norm. 

Definition 4.3. A function / G L ( S(dD) is called semi-almost periodic if for any s G dO 
and any e > there exist a number 5 = 5(s,s) G (0, 7r) and functions : 7g(£) — > S, 
Js(fi) '■= {se lkx : < x < 5 < 2ir}, k G {-1, 1}, such that functions 

x^ f k (se lkSeX ), -oo<x<0, A; €{-1,1}, 
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are restrictions of B- valued almost periodic functions from AP (R) and 

sup ||/(*)-/ fc (*)||B<e, ke {-1,1}. 

Analogously to the scalar case, for a closed subset S C dH> by SAP B (S) C (<9D) we 
denote the Banach space of semi-almost periodic functions that are continuous on dD \ S, 
so that SAP{S) := SAP C {S). 

Let SAP(S) (g) B denote the completion in (<9D) of the symmetric tensor product of 
SAP(S) and B. 

Proposition 4.4. SAP B (S) = SAP(S) ® B. 



The statement is an immediate consequence of Theorem 1.1 and the following two facts: 
each function / G SAP B (S) admits a norm preserving extension to the maximal ideal space 
b s (dB>) of the algebra SAP(S) as a continuous 5-valued function, and C(b (dD)) has the 
approximation property. The first fact follows straightforwardly from the definitions of 
SAP B (S) and b s (dH) (see [6]) and the existence of analogous extensions of functions in 
AP B (R) to MR, while the second fact is valid for any algebra C(X) on a compact Hausdorff 
topological space X (it can be proved using finite partitions of unity of X). 

Next, we introduce the Banach space AP B (R U (R + in)) := AP(R U (R + in)) B of 
B- valued almost periodic functions on R U (R + in), see Example |2.4| Also, for each s£S 
we define a linear isometry Lf : AP B (IR U (M + in)) — » L^(5D) by the formula (cf. (fsh) 



(Lf 5 )(z) := (g o Logo ^)( z ), 5 G AP B (M U (M + ivr)). (14) 



Now, using Proposition 4.4 we prove a -B-valued analog of Theorem 2.5 



Theorem 4.5. For every point s G SB t/iere exists a bounded linear operator Ef : 
SAP B (dD) -» AP B (M U (M + »tt)) of norm 1 suc/i iftai for each f £ SAP B (dB) the 
function f — Lf(E B f) G SAP B (dH) is continuous and equal to at s. Moreover, any 
bounded linear operator SAP B (dB>) — > ^LP B (MU (M + z7r)) satisfying this property coincides 
with E B . 



Proof. According to Proposition 4.4 it suffices to define the required operator Ef on the 
space of functions of the form / = Ylh=i bifh where bi G B } fi G SAP(dD). In this case we 
set 



i=i 
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where E s is the operator from Theorem 2.5 Let B\ denote the unit ball in B* . Then 



according to Theorem 2.5 we have 



£f(/)||=sup \\Ef(f)(z)\\ B 



Hi 



sup \<p(E?(f)(z))\ 



sup 

zedO, ip&Bi 



$>(6,)£.(/i)0 



1=1 



< sup 

zedo, <peBi 



i=i 



This implies that Eg is continuous and of norm 1 on a dense subspace of SAP B (dU>) 



Moreover, for any function / from this subspace we have (by Theorem 2.5 ), f—Lf(E B (f)) G 



SAP B (dB>) is continuous and equal to at s. Extending Ef by continuity to S AP B ; (<9B) 
we obtain the operator satisfying the required properties. Its uniqueness follows from the 
uniqueness of operator E s . □ 



We make use of the functions f B ls (x) := {Ef f){x) and ff s {x) := 
belonging to APg(R) to define the left (k = —1) and the right (k 
of / € SAP B (dB) over s: 

M k s {f) := M(/ M ) G S. 



{Eff){x + wr), 
= 1) mean values 



Then using formulas similar to those of the scalar case we define the Bohr-Fourier coefficients 
a \(fi s ) £ B an( i the spectrum spec^(/) of / over s. It follows straightforwardly from the 
properties of the spectrum of a -B-valued almost periodic function on R that spec^(/) is at 
most countable. 

By SAP B (S) C SAP B (S) we denote the Banach algebra of semi- almost periodic func- 
tions / with specj(/) C E(s,k) for all s G S, k G {-1,1}. Note that SAP B (S) = 
SAPj^(S) (8> E>, i.e., this definition is equivalent to the one used in Section 3.2 (the proof 



is obtained easily from Definition 4.3 using an appropriate partition of unity on <9B and 
Theorems and 3.2 see [6] for similar arguments). 

holds for SAP B (S) n Namely, if 



Also, a statement analogous to Theorem 



3.4 



/ G SAP B {S) n HJf (B), then 



specj(/) = spec,, 1 (f) =: spec s (/). 



Proof of Proposition 3.1 We must show that if / G (S'AF^S') ni7°°(D))s on the maximal 
ideal space b s {B) of algebra SAP(S) n iT°°(B), then /| D G SAPg(S) n (B). 

Indeed, since / G C B (b s (B)) and C(6 (B)) has the approximation property, / G 
C(6 5 (B)) O 5 by Theorem [TTTj Next, C(6 S (D)) is generated by algebra SAP(S) n F°°(B) 
and its conjugate. Therefore / can be uniformly approximated on b s (U>) by a sequence of 
-B-valued polynomials in variables from algebras SAP(S) n fP°(B) and its conjugate. This 
easily implies that f\go is well defined and belongs to SAP B (S). In fact, f\g® G SAP B (S) 
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because 4>{f) G SAP^(S) and the Bohr-Fourier coefficients of / satisfy a\(tp(f),s) = 
(p(a^(f, s)) for any s G S", k G { — 1,1} and G £?*. Further, by the definition /|u is 
such that (p(f) G ff°°(B) for any ip G £*. This shows that / G ffg'OO). □ 



For the proof of Theorem 3.8 we require some auxiliary results. Let APC(T) be the 
Banach algebra of functions / : T — > C uniformly continuous on T and almost periodic 
on each horizontal line. We define APC B (T) := APC(T) £g> B. The proof of the next 
statement is analogous to the proof of Lemma 4.3 in [6]. 

Lemma 4.6. Suppose that f± G AP B (J&), f'2 G AP B {R. + in). Then there exists a func- 
tion F G APC B (T) harmonic in the interior of S whose boundary values are f\ and f2- 
Moreover, F admits a continuous extension to the maximal ideal space bT of APH(T). 



The proof of the next statement uses Lemma 4.6 and is very similar to the proof of 
Lemma 4.2 (for B = C) in |6j, so we omit it as well. 

Suppose that s := e lt and 7^ (<5) are arcs defined in Q. For 5 G (0, ir) we set 7i(s, 5) := 
Log(ip s {-fl(5))) C M and 7-i(s,<5) := Log^^ 1 ^))) C E + iir (see Example^. 

Lemma 4.7. Let s G S. Suppose that f G SAP B ({—s, s}). We put f^ = /ly^) a^c? define 
on 7fc(s,7r) 

^ := /fe V 3 ^ 1 Log -1 , feG{-l,l}. 

Then for any e > i/iere exist <5 e G (0,7r) and a function H G APC B (T) harmonic in the 
interior Tq of T such that 

sup \\h k (z) - H(z)\\ B <s, fee {-1,1}. 

Let s G OH and C/ s be the intersection of an open disk of some radius < 1 centered at s 
with D \ s. We call such U s a circular neighbourhood of s. 

Definition 4.8. We say that a bounded continuous function / : D — ► B is almost-periodic 
near s if there exist a circular neighbourhood f7 a , and a function / G APC B (T) such that 

f(z) = (Lff)(z):= (f o Logo <p s )(z), zeU s . (15) 

In what follows for £ : S* x { — 1, 1} ^ 2 K such that S(s) = M. for each s G S* we omit 
writing £ in a|j, if], &f;0^) e ^ c -' see Section 3.4 for the corresponding definitions. 

In the proof of Theorem 1.8 of |6] (see Lemmas 4.4, 4.6 there) we established, cf. 



Theorem 3.15 



(1) Any scalar harmonic function / on D almost periodic near s admits a continuous 
extension f s to (a s )~ 1 (U s ) C 6 5 (D) for some circular neighbourhood U s . 
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(2) For any s £ S and any g £ APH{T) the holomorphic function g := L s g on D almost 
periodic near s is such that g s o i s coincides with the extension of 5 to bT. 

More generally, Lemma |4.6[ statements (1) and (2) and the fact that AP B (R) = 
AP(R) (g> B (see Theorems [Tl] and ^2) imply 



(3) Any 5-valued harmonic function / on D almost periodic near s admits a continuous 
extension ff to (0 s )- 1 (U s ) C b s (B) for some circular neighbourhood U s . 

(4) For any s £ S and any 5 E APH B (T) the -B-valued holomorphic function 5 := 

on D almost periodic near s is such that c/^ o i s coincides with the extension of g to 
bT. 

Lemma 4.9. Let f £ SAP^(S) n H<g(B) and s £ 3D. There is a bounded B-valued 
holomorphic function f on D almost periodic near s such that for any e > there is a 
circular neighbourhood U s - £ of s so that 

sup H/OO - f(z)\\ B < e. 
Moreover, f = Lff for some f £ APH B {s) {T). 



Proof. Assume, first, that s £ S. By Lemma 4.7 for any n £ N there exist a number 



S n £ (0,7r) and a function H n £ APC B (T) harmonic on To such that 

sup \\f k (z) - H n (z)\\ B < - , A; €{-1,1}. (16) 

z&-y k {s,S n ) n 

Using the Poisson integral formula for the bounded B- valued harmonic function f — h n , 
h n := L B H n := H n o Log o ip s , on D we easily obtain from (16) that there is a circular 
neighbourhood V s - n of s such that 

sup \\f(z)-h n (z)\\ B <-. (17) 

According to (3) each h n admits a continuous extension h n to (a s )^ 1 (s) = bT. Moreover, 
(17) implies that the restriction of the sequence {h n } ne jq to (a s )~ 1 (s) forms a Cauchy 



sequence in C B ((a s )~ 1 (s)). Let h £ C B ((a s )~ 1 (s)) be the limit of this sequence. 

Further, for any functional eft £ B* the function (f>o f € SAP(S) C]H°°(J])) and therefore 
admits a continuous extension f^ to (a s )~ 1 (s) such that on (i s )~ l ((a s )~ 1 (s)^j the function 



ftp o i s belongs to APH(T). Now, (17) implies that /<* = <fi o h for any <j> € B*. Then it 



follows from Theorems 1.1 and 3.2 that h o i s £ APH B (T). Therefore by (4) we find a 



bounded i?-valued holomorphic function / on D of the same sup-norm as h almost periodic 
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near s such that its extension to (a s ) 1 (s) coincides with h. Next, by the definition of the 
topology of 6 S (D), see [6^, Lemma 4.4 (a), we obtain that for any e > there is a number 
N E N such that for all n > N, 



sup || f(z) 

z£V s ;n 



h n (z)\\ B < 



Now, choose n > N in (17) such that the right-hand side there is < I. For this n we set 

17,:, 



Vs-n. Then the previous inequality and (17) imply the required inequality 



sup | I/O) 



f(z)\\ B <s. 



Further, if s £ S, then, by definition, f\go is continuous at s. In this case as the function 
/ we can choose the constant -B-valued function equal to /(s) on D. Then the required 
result follows from the Poisson integral formula for / — /. 



By definition, / is determined by formula ( 15 ) with an / E APH B (T). Let us show that 
/ E APH B {s) (T). To this end it suffices to prove that tp(J) E APi7 s(s) (T) for any ip e B* . 



Indeed, it follows from the last inequality that the extension of <p(f) E SAPs(S) D H' 
to (a^) _1 (s) coincides with tp(f). By the definition of spectrum of a semi-almost periodic 
function, this implies that spec s ((/?(/)) C □ 



Now, we are ready to prove Theorem |3.8| 

The inclusion A§, C SAPe(S) n H°°(B) follows from Example 



3.5 



Indeed, for s E S 



3.5 



assume that the holomorphic function e Xh E H°°(D) is such that Re(/i)|gjj is the charac- 
teristic function of the closed arc going in the counterclockwise direction from the initial 
point at s to the endpoint at —s and such that - E S(s). Then Example 
that e Xh E SAP({s,-s}) n i7°°(D) and specie" 
SAP S] ({s}) n #°°(D), as required. 

Let us prove the opposite inclusion. 

(A) Consider first the case S = F, where F 



implies 

{^}. In particular, (z + s)e* h E 



{si\™=i is a finite subset of dD. Let 



4.9 



there exists a function f Sl E 



/ E SAP^(F) n i7J?(B). Then according to Lemma 

APH B ,\(T) such that the bounded B- valued holomorphic function g Sl — f, where g. 
f Sl o Log o cp SlJ on D is continuous and equals at s\. 

and 



«1 



1.1 



3.2 



Let us show that g Sl E A^ Sl ~ Sl ^B. Since f Sl E APH B ,JT), by Theorems 

it can be approximated in APH B ,JT) by finite sums of functions of the form be lAz , b E B 

A E S(si), z E T. In turn, g Sl can be approximated by finite sums of functions of the form 
6e iALo g o Vsi) b G ^ Ag wag shown in giALogo^, G ^{ S1 Henc6) e ^ 5. 

We define 

- _ ffsiQ)Q + Sl) 

9si ~ 2s x 
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g si - f G SAPg Ulm jF \ M) n H%(B). 
We proceed in this way to get functions g Sk G Ai 5 / fc ^\ (8) -B, 1 < k < m, such that 



Then, since the function a i— ► (jj + si)/(2si) G A(D) and equals at — si, and g Sl G 

function g si G A Sl ^ <g> B. Moreover, by the construction of g\ and 

the definition of the spectrum g si G -^Wsi) ® ^ definition, the difference g Sl — f is 
continuous and equal to zero at z\. Thus, 

u 

-If\{ s1 } 
m 

fc=i 

where A B (I$) is the Banach space of B- valued bounded holomorphic functions on D contin- 
uous up to the boundary. As in the scalar case using the Taylor expansion at of functions 
from A B (J}) one can easily show that A B (D) = A(B) (g> B. Therefore, / G A^ <8> B. 

(B) Let us consider the general case of S C 9D being an arbitrary closed set. Let 
/ G SAP B (S) n Hg^B). As follows from Lemma 4.9 and the arguments presented in part 
(A), given an e > there exist points Sk G SB, functions f\ G Ai S / fc \ <8> B and circular 



neighbourhoods f7 Sfc (1 < k < m) such that {U Sk }™ = i forms an open cover of dD \ {s^}™ 



r fc=i 
and 

||/(z)-/*(*)||b<£ on U, h , l<k<m. (18) 

Since 5 is closed, for G" 5* we may assume that is continuous in f/ Sfc . Let us define a 
.B-valued 1-cocycle {c;y}/?j = x on intersections of the sets in {U Sk }™ =1 by the formula 

Ckj(z) := fk(z) - fj(z), z G U Sk n U Sj . (19) 



Then (18) implies swp k j z \\ckj(z)\\B < 2e. Let A <s= U^LjC/gj. be an open annulus with 
outer boundary 9D. Using the argument from the proof of Lemma 4.7 in [6] one obtains 
that if the width of the annulus is sufficiently small, then there exist I?-valued functions Ci 
holomorphic on U Si Pi A and continuous on U Si H A satisfying 

sup \\ci(z)\\ B < 3e (20) 

zeU Si nA 

and such that 

- Cj (z) = Cij(z), z g U Si n C/ s . n A. (21) 
For such vl let us define a function f e on A \ {si\ 1 ^ =l by formulas 

/ e (z) := fi{z) - a(z), z G U Si n A 
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According to (19) and (21), f £ is a bounded continuous £>-valued function on A \ 



s s .\ _ 

holomorphic in A. Furthermore, since Cj is continuous on U Si n A, and fi £ A^ ® B for 
Si £ S, and /j G A B (B) otherwise, f £ \ m G SAP|j F (.F), wnere ^ = i s i}i^i n Also ) from 



inequalities (18) and (20) we obtain 



sup||/(z)-/ £ (z)|| B <4e. (22) 

Next, as in [6j we consider a 1-cocylce subordinate to a cover of the unit disk D consisting 
of an open annulus having the same interior boundary as A and the outer boundary {z £ 
C : \z\ = 2}, and of an open disk centered at not containing A but intersecting it by a 
nonempty set. Resolving this cocyck^]one obtains a B- valued holomorphic function F £ on 
D such that for an absolute constant C > 

sup \\f(z)-F e (z) \\b <Ce 

z£B 

and by definition F £ £ SAP B (F) n H™(B), where F = {si, s m } H S. The latter 
inequality and part (A) of the proof show that the complex vector space generated by 
spaces ^4^| F ® ^ ^ or au possible finite subsets F C S is dense in SAP B (S) n ffg'(D). 
Since by definition the closure of all such A^, ® B is A^ <g> B, we obtain the required: 
SAPg(S) n H%>(B) = A§. ® B. 

4.5 Proof of Theorems [33H and [3Al 



Proof of Theorem\3Jl\ Corollary 1.6 in [6] states that n*\ dV) : C(dB) i-> C(5D), the pull- 



back by k\qb, maps SAP(k^S) isomorphically onto SAP(S). Following closely the ar- 
guments in its proof, one obtains even more: k* maps SAP^^k^S) isomorphically onto 
SAP^(S). Since k* preserves i?°°(D), the required result follows. □ 



Proof of Theorem \3A^ Let / £ SAP(dO) n H°°(B). According to Lemma [O] there exists 
a function f s £ APH(T) such that the difference 



h:=f-P 



S) 



where F s := f s o Log o ip S: see ( 15 ), is continuous and equal to at s. Therefore, it suffices 



to prove the assertion of the theorem for F s . Let {z' n } C Tq and {s' n } C R U (M. + in) be the 



images of sequences {z n } and {s n } under the mapping Log o <p s (see Example 3.3). By the 
hypotheses of the theorem we have z' n , s' n — ► oo and \z' n — s' n \ — ► as n — ► oo (this follows 
from condition (I9J)). Since any function in APH(T) is uniformly continuous (see Section 



3), the latter implies the required result. □ 

There is a misprint in [B] at this place: instead of the inequality maxi || V/9i||x,oo(c) < Cw(B n A) < Cs 
for smooth radial functions pi,p2, it must be maxi ||V/9i||i°o{c) < m ^g nA > ) ■ 
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4.6 Proof of Theorems [37161 and I37P71 

Proof of Theorem 3.16. In what follows we identify /-(D) C b£(D) with D, see Section 3.4. 



By Theorem 3.15 the maximal ideal space frf^ED) is (B \ S) U (u s£ 5 z|,(6s(s)(r))) (here 
: bn(s){T) — ► (af;) _1 (s) is a homeomorphism) . For each s G 5 1 one has the natural map 
i s(s) : T > &s(s)(^") (determined by evaluations at points of T). Also, the argument of the 
proof of Theorem 1.12 in [6] implies that the closure of O in frf;(B) contains (as a dense 
subset) (B \ S) U (u sg sj|(t s(s) (T))). Thus in order to prove the theorem, it suffices to 
show that lt,( s )(T) is dense in 6jv a )(T) if and only if E(s) is a group. 
We will use the following result. 

Theorem 4.10 ( [2 lj ) . Suppose thatT is the intersection of an additive subgroup ofM and 
M+. Then the image of the upper half-plane M + in the maximal ideal space br(T) is dense. 

Observe that in this case each element of APHy{T) is extended to a holomorphic almost 
periodic function on H + by means of the Poisson integral. Therefore the evaluations at 
points of H + of the extended algebra determine the map H + — * b-p(T) of the theorem. 

First, assume that E(s) is a group. We have to show that t£( s )(T) is dense in 6s( s )(T). 
Suppose that this is wrong. Then there exists £ G b^r s \(T) and a neighbourhood of £ 

C/(Ai, . . . , A m , £, e) := {r? G 6 E(s) (T) : |r?(e iA ^) - Cfc | < s, l<k< m}, 

where Ai,...,A m G E(s), c fc := £(e^ 2 ), such that U(X U . . . , X m , £, e) n cl (t EW (T)) = 0, 
cf. the proof of Theorem 2.4 in [6 . Therefore, 

max \e iXkZ - c k \ > e > for all z G T. (23) 

l<fc<m 

Without loss of generality we may assume that c k ^ and A^ > 0, i.e., e tXkZ — c k G 
APi?£( s ) n R (T). (For otherwise we replace e lXkZ — c k with e~* Afe;z — c^ 1 . Here e~ lXkZ — c^ 1 G 
y4Pffs(s)niR + (^ 1 ) since E(s) is a group. Also, (23) will be satisfied, possibly with a different 
£ > 0.) Note that e iAfc2: - c fc is not invertible in AP# s(s) (T), since £(e iXkZ - c k ) = 0. 
Therefore, since each function e lXkZ — c k is periodic (with period |^), it has a zero in T. 
Since solutions of the equation e tXkZ = c k are of the form 

iln|cfc| Argcfc + 2-rrl 

z k = 1 - , I G Z, 



all zeros of e l kZ — c k belong to T. Hence, in virtue of inequality (23), one has 

max \e iXkZ - c k \ > e > for all z G H+. 

l<k<m 



This implies, by Theorem 4.10, that there exist functions g%, . . . ,g m G APH^ s ^ n ^ (M 



such that 

m 

^g k (z)(e lXkZ -c k ) = 1 for all zG 



k=l 
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In particular, the above identity holds on T. This gives a contradiction with the assumption 
£(e iXkZ - c k ) = 0, 1 < k < m. 

Now, assume that S(s) is not a group, i.e., it contains a non-invertible element Ao- 
Suppose that tw s )(T) is dense in 6s( s )T. Then, since the modulus of fi := e lX ° z is bounded 
from below on T by a positive number, there exists g\ E APH^^iT) such that /igi = 1. 
Therefore, g\ = e _lA ° z E APH^ S ^(T), i.e., — Aq E S(s), a contradiction. □ 



Proof of Theorem 3.11 For the proof we will need the following auxiliary result. 

Let r C 1 be a nontrivial additive semi-group. For a subset X C T by Xqo we denote 
the set of limit points of lt(X) in br(T) \ Lr(T). 

Lemma 4.11. Let G E C([0, 1), T) be such that the closure of G ([0,1)) in T is non-compact. 
Then the set G^ contains more than one element. 

Proof. If there exists a horizontal line R + ic, < c < 7r, such that disty (G(i) , K + ic) — ► 
as t —* 1—, then clearly (R + ic)oo = Goo. Moreover, (M + ic)oo is infinite (e.g., it contains 
a subset homeomorphic to interval [0, 1]). In the case that such a line does not exist, one 
can find two closed substrips Ti, T2 C T, T\ D I2 = 0, such that the closures in T of both 
G([0, l))nTi and G([0, l))nT 2 are non-compact. Then (G([0, l))nT 1 ) 00 and (G([0, l))nT 2 ) 00 
are nonempty, while (Ti)oo n (T2)oo = 0. This implies the required statement. □ 

Now, we are ready to prove the theorem. Suppose on the contrary that for a continuous 
map F : [0,1] — > &fj(D) the conclusion of the theorem is not valid. First, assume that 
there exists a point c E [0, 1) such that F(c) E D \ S but F([0, 1]) £ D \ 5. Then, because 
6^(0) \(]D\5') is a compact set (here we naturally identify B)\S we a subset of &f(B)), passing 
to a subinterval, if necessary, we may assume without loss of generality that F[0, 1) CD\S 
and -F(l) E (o^) _1 (s) for a certain s E 5. Define 

G(t):=(Logo^)(F(t))cr, tE [0,1) 



(cf. Example 2.4). Then G satisfies conditions of Lemma 4.11 for T = S(s). Next 



consider an / E SAPs(S). According to Lemma 4.9 there exists a (unique) function 
f s E APH-£r s \(T) such that the difference f — F s , where F s := f s o Log o (p S} is continuous 
and equal to at s. This yields 



Va*_(f.(G(t))-f(F(t))) 



0. 



The latter implies that the set of limit points of F([0, 1)) in &f(B) \(P\S) is in one-to-one 
correspondence with the set of limit points Goo of iw s ) (G([0, 1))) in &£( S )(T) \ ts( s )(T). By 
our assumption the set of limit points of F([0, 1)) in b^(JS>) \ (IS>\ S) consists of the point 



F(l). This contradicts the assertion of Lemma 4.11 Hence, in this case F([0, 1]) cD\S 



2(3 



In the second case, F([0,1]) C &g(B) \ (D \ S). Let s C S be such that F([0,1]) n 
(a^)" 1 ^) 7^ 0. Consider the continuous map lo s : 6|(D) -> £>£j } (D) transpose to the 
embedding 5AP S | {s( ({s})ni/°°(D) C SAF^S) niP°(B). According to the case considered 
above, if uj s o F : [0, 1] -> (D) is such that (u; s o F)(c) G D \ {s} for some c E [0, 1), 

■M{s} 

then (w 8 o F)([0, 1]) C D \ {s} which contradicts the assumption F([0, 1]) n (a|) _1 (s) ^ 0. 
Thus (w, o F)([0, 1]) C (D) \ (D \ {s}) = (a£j } Thi s implies that F([0, 1]) C 

I {s} I {s} 

(a|)- X ( S ). □ 
4.7 Proof of Theorem I37L91 

Since SAPx(S) n #°°(B) is generated by algebras S"AP S | F (F) n H°°(B) for all possible 
finite subsets F of S 1 , the inverse limit of {K^, > tJ }i ? c5;#F<oo of the corresponding Silov 
boundaries coincides with (see Section 3.4 for the corresponding notation). Therefore 
to establish the result it suffices to prove that 

K n F = ( U ^ ( cl £M« u C1 S( S )(^ + in)) J U dU> \ F. (24) 

Since each point of <9B \ F is a peak point for A(B) (C 5'AP s | i r(F) n H°°(B)), m\F C 
if'l'i . Next, the closure of cffi) \ F in (O) (the maximal ideal space of <SAP E |p(F) H 



i7°°(D)) coincides with the right-hand side of (24), see the proof of Theorem 1.14 in [6|. 
Thus the right-hand side of ( |24[ ) is a subset of K^,. Finally, Theorem 1.14 of [6 J implies 
that for each / £ SAPy,\f(F)C]H°°(J])), \f\ attains its maximum on the set in the right-hand 



side of (24). This produces the required identity. 



One can easily show that the inverse limit of the family of sets in the right-hand sides 



of equations (|24]) coincides with (|J sgS jf,(cl s(s )(]R) U cl E(s )(M + wr))) U <9D \ S. 



The proof of the theorem is complete. 



4.8 Proofs of Theorems 3.21, 3.23 and Corollary 3.22 



Proof of Theorem 3.21\ (1) Consider first the case of S being a finite subset of 8D. For 
s £ S we define 

C/ i: = &!(0)\(a|)- 1 ( S ). 

Let Ui be the union of (a|)^ 1 (s) and a circular neighbourhood of s whose closure is a 
proper subset of D. Both 11%, U2 are open in 6|(D) and XJ\ PI XJ2 = U2 \ (a|) _1 (s) is the 
circular neighbourhood of s. Since U\ D U2 is contractible, one has H k (Ui n U 2 ,Z) = 0, 
k > 1. Let us show that for any k £ Z, 

tf fc ([/ 2 ,Z)-tf fc (& E(s) (T),Z). (25) 
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To this end consider a sequence V\ D V% D . . . of circular neigbourhoods of s such that 
r\f =l V k = {s} and V 1 = U 1 n U 2 . We set 

U k :=T4U(a|)" 1 (s). 

Let if 1 : C/m Ui, m > I, be the corresponding embedding. Then (a^)~ 1 (s) is the inverse 
limit of the family {Uj ; t}jgN- It is well known (see, e.g., [4 , Chapter II, Corollary 14.6) 
that the direct limit of Cech cohomology groups H k (Ui,'Z) with respect to this family gives 
H k ((a^)~ 1 (s), Z). Note also that each U\ is a deformation retract of U\ := U 2 - Thus the 
maps 4 induce isomorphisms H k (U 2 ,Z) = H k (Ui,Z), I G N. Since (ag)" 1 ^) ^ &£(,)(T), 
these facts imply (25). 

Further, consider the Mayer- Vietoris sequence corresponding to cover {U±, U 2 } of &|(B): 

►if fe - 1 (bg(B),Z) -^iJ fc (Z7inC/ 2 ,Z) -► H k {U u Z)e H k {U 2 ,Z) -»■ # fc (&|(B),Z) .... 

By the above results # fc ([/i n f7 2 ,Z) = and # fc ([/ 2 , Z) = # fc (6 s(s) T, Z), A; > 1. Therefore, 

tf fe (&|(B),Z) = F fc (C/i,Z)eF fc (6 s(s) (T),Z), fc>l. 

Proceeding further inductively (i.e., applying similar arguments to U\ etc.) and using the 
fact that iI fe (&£(B) \ 5,Z) = 0, fc > 1, we obtain that 

F fc (6|(D),Z) = 0i/ fc (6 E(s) (T),Z). 

seS 

Now, if S C <9B is an arbitrary closed subset, then since &£(B) is the inverse limit of 
&fL(B) for all possible finite subsets F C 5, by the cited result in [1] £f fc (&£(B), Z) is the 
direct limit of # fc (&£ |F (B), Z). Based on the case considered above we obtain that this limit 
is isomorphic to se5 i2" fc (b s(s )(T), Z) . 

This proves the first part of the theorem. 

(2) As is shown in [5], if T C M+ or T C then br(T) is contractible. Therefore 
under hypotheses of the theorem H k (&e( s )(T), Z) = for all s £ S. The required result 
now follows from (1), i.e., F fc (6|(B),Z) = for all k > 1. 

Further, according to [8] the connectedness of fr|(B) and the topological triviality of 
any complex vector bundle of a finite rank over &f;(B) are sufficient for projective freeness 
of SAPx{S) n#°°(B). 

Clearly &f;(B) is connected. For otherwise, according to the Shilov theorem on idempo- 
tents, see [21], SAP^(S) Pi i2"°°(B) contains a function / not equal identically to or 1 on 
B such that f 2 = /, a contradiction. 

Next, we show that any finite rank complex vector bundle £ over 6 E (B) is topologically 
trivial. 
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Since 6|(D) is the inverse limit of the system {^[ F (^) ' ^FcS ;#F<oo, see Section 3.4, 
£ is isomorphic (as a topological bundle) to pullback to &!(©) of a bundle on some 6^(D) 
with F C S finite, see, e.g., pj~] and [Ej. Therefore it suffices to prove the statement 
for S C dH) being a finite subset. In this case, for each s G S by the contractibility of 
(a^)^ 1 (s) = &£( S )(T) (see jS]) we have that the restriction of £ to (af!) _1 (s) is topologically 
trivial. Using a finite open cover {£/i}i<i< m of (a|) _1 (s) such that £1^ = U x C", n = 
rankc £, for each i, we extend (by the Urysohn lemma) global continuous sections tj : 
(a^)~ 1 (s) — > £, 1 < j < n, determining the trivialization of £ over (a^) -1 ^) to each U. 
Then using a continuous partition of unity subordinate to a finite refinement of {Ui\x<i<m 
we glue together these extensions to get global continuous sections tj, 1 < j < n, of £ on a 
neighbourhood U s of (a|) _1 (s) in 6^(D) such that %|( a |)-i( s ) = tj for each j. Since sections 
tj, 1 < J < n, are linearly independent at each point of (af!) _1 (s), diminishing, if necessary, 
U s we obtain that sections tj, 1 < j < n, are linearly independent at each point of U s . Thus 
£ is topologically trivial on U s . Also, by the definition of the topology on 6^(D) without 
loss of generality we may assume that U a \ (alr 1 ^) is a circular neighbourhood of s. 

Suppose that S = {s\, . . . , s^}- Let us cover 6f(B) by sets Uj := U Sj , 1 < j < k, 
described above and by Uq := D \ V, where V C Uj =1 U Sj and V D U Sj is a circular neigh- 
bourhood of Sj distinct from U Sj \ (a^)~ 1 (sj), 1 < j < k. Since Uq is contractible, £\u 
is topologically trivial. Using trivializations of £ on Uj, < j < k, we obtain that £ 
is defined by a 1-cocycle {cij} with values in GL n (C) defined on intersections Ui D C/j, 
< "i < j < A;. In turn, by the definition of sets f/^, there is an acyclic cover {t/j}j =0 of 
D such that (a|)~ 1 ([X ) ') = C/j, < j < k. Thus there exists a cocycle {dij} on {C/j}^_ 
such that dij o a| = Cj-,- for all i, j. This cocycle determines a continuous vector bundle £ 
on D trivial on each Ui, < i < k, such that (af;)*£ = £• Since D is contractible, £ is 
topologically trivial. Hence £ is topologically trivial as well. 

The proof of the theorem is complete. □ 



Proof of Corollary \3.22\ Let G C K be an additive subgroup. We denote by APC G (T) C 
APC(T) the algebra of uniformly continuous almost periodic functions on T having their 
spectrum in G. Here the spectrum of a function in APC(T) is the union of the spectra 
of its restrictions to each horizontal line in T (see [2]). The vector space of functions 
EjLi Cj(y)e iX J x , x + iy G T, Cj G C([0,vr]), Xj G G, fc G N, is dense in APC G (T) and, hence, 
the maximal ideal space M{APCg{T)) of APC G (T) is homeomorphic to & G (R) x [0, tt]. On 
the other hand, APH G (T) C APC G (T) and the extension of APH G (T) to Af(APC G (T)) 
separates the points of M(APC G (T)). Since the image of T in b G (T) is dense (see the proof 



of Theorem |3.16[ ), the latter implies that b G {T) = M(APC G {T)). Hence, taking G := S(s), 
s G S, we obtain 

if fe (6 s(s) (T),Z)-i/ fc (6 E(s) (M),Z). 
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Since &£(s)(I£) is a compact connected abelian group, the required statements follow from 
the remark before the formulation of the corollary, and Theorem 3.21 (1). □ 



Proof of Theorem 3.23. In what follows we assume that uniform algebras are defined on 
their maximal ideal spaces via the Gelfand transforms. 
We will require the following auxiliary result. 

Lemma 4.12. Assume that a set-valued map £ as in Section 3.1 is defined on {— s, s} and 
f G SAPy,({-s, s}) n H°°(B). Consider the function 

H s f(z):=f(^-), zGD. 



Then H 3 f G SAP S | {s} ({s}) n H°°(B) and 

[(4 |{s} o Lx(s))*H s f](z) = [(if. o fc53(a) )V](z - ln2), z G T, (26) 
see Theorem \3 . 1 51 

This result states that H s : SAPe{{-s, a}) n H°°(B) -» SAP SU Ms}) n #°°(B) is a 
bounded linear operator which induces under the identification of the fibre (oi s,s ^)~ 1 (s) 
with 6 s(s) (T) by if, the map 4Pif E(s) (T) -> AP# s(s) (T) defined by ft(z) ■-> h(z - In 2), 
zeT,heAPH s{s) (T). 

Proof. Clearly is holomorphic on D and continuous on <9D \ {s}. Let us consider the 
function g(z) := [(H s f) o (Log o ^ s ) _1 ](2) — [f o (Log o 99 s ) -1 ](2! — In 2), z £ T. Next, we 
have 

(Logo t^)" 1 ^) + s v se 22 

(Logo^ ( z _l n 2 =—————— ^0 as Re(z ) -» -oo. 

2 (2z + e 2 )(4z + e 2 j 

Since by the definition of S , j4Ps({ — s, s}) ni?°°(D) the function fo (Logoy? s ) _1 is uniformly 
continuous on T, from the last expression we obtain that g{z) — > as Re(z) — > — oo. But 
Re(z) — ► — oo if and only if (Log o Lp s )~ l (z) — > s. Therefore the function g o Log o ip is 
continuous in a circular neighbourhood of s and equals at s. Since the pullback of the 
function [/o(Logo^ s )- 1 ](z-ln2), z G T, by (Logo^)" 1 belongs to SAPs({-s,s})nH°°(B) 
(it is obtained as the composition of / with a Mobius transformation preserving points — s 
and s), the function H s f G SAP E \ ({s}) n £T°°(B). Now, the identity ((26]) follows from 
the fact that (g o Log o y>)(s) = by the definition of if,. □ 

Corollary 4.13. Let f G G^ s ^(T), see Section 3.5. Consider the function 

F := H s [Kf (Logo tp s )}, where Kf(z):=f(z-]n2), zeT. 

Then F € G£, ({s}) and 
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4.12 



because the 
750 so that 



Proof. The fact that F G G^, ({s}) follows from the proof of Lemma 
pullback by Log o ip s maps APH^^(T) isometrically into SAP({—s, s}) n H 
spec,, of each of the pulled back function is a subset of S(s). The second statement of 
the corollary follows directly from ( |26[ ) because (i^ } o i£( s ))*(/t Log o c^ s ) = /i for any 
/i G APHx (s) (T) by Theorem [3~15| (1). ' □ 



We are ready to prove the theorem. First we will consider the case S — • • • ; %} a 
finite subset of dD. 

By the definition of connected components of GL n (A), where A is a Banach algebra, the 
map / i-> ((i^ { ^ } Ois( Sl ))*f, • • • , (47 {sm} OL T:(s m )Tf), f G induces a homomorphism 

*5:[GS(5)]^0[Gg (si) (T)]. 

We will show that tyg is an isomorphism. 

Suppose that (51, . . . ,g m ) G Sig5 G^ (sj) (T) represents an element [5] G aie s[Gg( aj) (T)]. 
Then according to Corollary 4.13| for an element 

g := ff si [X(Log o ^ ...H Sm [tf(Log o yO'Sm] G G£(S) 

and each Z G { 1 , . . . , m} we have 

(4'| {s } ^(s,))*^ = cir • • • gi ■ ci + n ■■■c mh 

where every Cji is an invertible matrix. Since the matrix-function on the right-hand side 
is homotopic to gi, for the element [g] G [Gg(/S f )] representing g, we obtain ^([g]) = [g]. 
Hence is a surjection. 

To prove that ^5 is an injection, we require a modification of the construction of 



Corollary 4.13 So suppose that F Sl = H Sl [K(Log o tp 8l )*f\, where / G G%,JT). By the 
definition, F Sl (sj), j 7^ I, are well-defined invertible matrices. Let M be a matrix-function 
with entries from A(D) such that M(sj) = Log(F S; (sj)), j 7^ I, and M(s{) = 0. (Here the 
logarithm of an invertible matrix c is a matrix c such that exp(c) = c.) Then we have 

(1) F Sl := F Sl ■ exp(-M) G G£, and satisfies 

('a , ot s(si))%=/ and F Sl ( Sj ) = I n , j + l 
(here I n is the unit n x n matrix); 

(2) F Sl is homotopic to F Sr 
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Statement (2) follows from the fact that exp(— M) clearly belongs to the connected com- 
ponent containing I n . 

Now, suppose that / G G^(S) is such that every matrix-function g\ := (& °'-s(s i ))*/) 
I G {1, . . . , m}, belongs to the connected component of G^,\(T) containing the unit matrix 
I n , (i.e., [/] G Ker{* s ))- We set 

G Sl :=H Sl [K(Logo Vsi y gi }, G := ]J G Sl , G := ]J G Sl , 

l<l<m l<l<m 

where each G Sl is constructed from G Sl as F Sl from F S[ . 
According to property (1), 

OL x(si))* G = 9i, for le{l,...,m}. 

Moreover, property (2) implies that G is homotopic to G. Observe also that each G Sl is 
homotopic to I n (because g\ satisfies this property and so the required homotopy is defined as 
the image of the homotopy between gi and I n under the continuous map H Sl oKo(Logoip Sl )*) 
and therefore G and G are homotopic to I n . Finally, according to our construction / • G^ 1 
is an invertible matrix with entries from A(D). Since O is contractible, each such a matrix 
is homotopic to I n . These facts imply that / is homotopic to I n , that is [/] = 1 G [Gg(S')], 
where [/] stands for the connected component containing / G G^(S). 

So $>s is an injection which completes the proof of the theorem in the case of a finite S. 

To prove the result in the general case we require the following lemma. 

Lemma 4.14. For every f G G^(S) there exists f G G r ^ F (F), where F C S is finite, such 
that f £[f}. 

Proof. Let M£(5 I ) be the Banach algebra of n x n matrix- functions with entries in SAPy,(S)D 
H°°(B>) equipped with the norm \\h\\ := sup 2gD ||/i(z)||2, h G M£(S), where || • ||2 is the £2 
operator norm on the complex vector space M n (C) of n x n matrices. According to Corollary 
/ can be approximated in M£(S") by functions from M^ p (F) for some finite subsets 
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F C S. Since the connected component [/] is open (because G^(S) C M£(S) is open), the 
latter implies the required statement: there exists / G G^i (F), where F C S is finite, such 
that /€[/]. □ 

This lemma implies that [G^ (»!?)] is the direct limit of the family {[G^, (F)]; F C 
S, j^F < 00}. Therefore we can define a homomorphism ^5 : [(^(S)] — > ©sgsfG^^^T)] 
as the direct limit of homomorphisms ^Sfp described above. Then ^5 is an isomorphism 
because each typ is an isomorphism on each image. 

This proves the first statement of the theorem. 
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The second statement follows from the fact that if C M + or M~, then the maximal 
ideal space 6e( s )(T) of Banach algebra APH-^^iT) is contractible [5]. Then the result of 
Arens [I] implies that G^^(T) is connected and therefore [G^^(T)] is trivial. From here 
and the first statement of the theorem we obtain that [G^ (»!?)] is trivial, or equivalently, 
that G^(S) is connected. □ 
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